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We prove that if G is a locally compact group acting properly (in the sense of R. Palais)
on a Tychonoff space X , then X can be embedded equivariantly into a linear G-space L
endowed with a linear G-action which is proper on the complement L \ {0}. If, in addition,
G is a Lie group and τ an inﬁnite cardinal number, then the linearizing G-space L can be
chosen to be the same for all proper G-spaces X of weight w(X) τ .
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1. Introduction
Following R. Palais [21], we call an action of a locally compact group G on a Tychonoff space X proper, if every point
x ∈ X has a neighborhood Vx such that for any point y ∈ X there is a neighborhood V y with the property that the set
〈Vx, V y〉 = {g ∈ G | gVx ∩ V y = ∅} has compact closure in G . In this case X is called a proper G-space.
By a linearization of a proper G-action on a topological space X we understand a G-equivariant topological embedding
X ↪→ L into a G-space L, where L is a topological linear space on which G acts linearly such that the complement of the
origin L \ {0} is a proper G-space.
For different kind of ﬁnite-dimensional proper G-spaces, where G is a Lie group, related equivariant embedding theorems
were obtained earlier by R. Palais [21], M. Kankaanrinta [16–18] and E. Elfving [12,13].
In our previous work [10] the linearization problem was solved for proper G-spaces which are metrizable by a G-invari-
ant metric; moreover, it is shown in [10, Theorem 3.9] that in this case the linearizing G-space L may be chosen to be
a normed linear G-space on which G acts by means of linear isometries.
This paper is a continuation of [10] and it is our purpose here to solve the linearization problem for proper actions of
locally compact groups on arbitrary Tychonoff spaces. Namely, we shall prove the following linearization theorem:
Theorem 1.1. Let G be a locally compact group. Then for each proper G-space X, there exist a linear G-space L and a G-embedding
X ↪→ L \ {0} such that L \ {0} is a proper G-space. Moreover, L is the product ∏ j∈J L j of normed linear G-spaces L j such that the
complement L j \ {0} is a proper G-space.
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by means of linear isometries (see the next section).
Taking into account this clariﬁcation, it is easy to see that the following result, originally obtained in [8], follows imme-
diately from Theorem 1.1:
Corollary 1.2. Let G be a locally compact group. Then every Tychonoff proper G-space admits a family of G-invariant pseudometrics
that generates its original topology.
It is proved in [3] that if, in addition, the proper G-space X is locally compact and σ -compact, then the G-invariant
pseudometrics in Corollary 1.2 can be chosen to be proper. Recall that a pseudometric is called proper (or Heine–Borel, or
ﬁnitely compact) if every ball of ﬁnite radius has compact closure.
Note that in Theorem 1.1 the linearizing proper G-space L \ {0} depends on the embedded G-space X . However, in our
next result we show that the linearization of proper actions can be achieved “simultaneously” for all proper G-spaces of the
given weight  τ , provided that the acting group G is a Lie group.
Theorem 1.3. Let G be a Lie group and τ an inﬁnite cardinal. Then there exists a linear G-space L such that L \ {0} is a proper G-space
and for every proper G-space of weight w(X) τ , there exists a G-embedding X ↪→ L \ {0}. Moreover, L is the product∏ j∈J L j of
normed linear G-spaces L j such that the complement L j \ {0} is a proper G-space.
Observe that the linearizing proper G-space L \ {0} in this theorem is not claimed to have the weight τ , and hence, it is
not a universal element of the related class in the sense of [15, Ch. 7, p. 301]. We refer the reader to [15, Ch. 7] for a general
discussion concerning the existence of universal elements in various classes of G-spaces.
The proofs of Theorems 1.1 and 1.3 are given in Section 3.
2. Preliminaries
Throughout the paper, unless otherwise is stated, by a group we shall mean a topological group G satisfying the Hausdorff
separation axiom; by e we shall denote the unity of G . All topological spaces are assumed to be Tychonoff (= completely
regular and Hausdorff). The basic ideas and facts of the theory of G-spaces or topological transformation groups can be
found in G. Bredon [11] and in R. Palais [20]. Our basic reference on proper group actions is Palais’ article [21].
For the convenience of the reader we recall, however, some more special deﬁnitions and facts below.
By a G-space we mean a topological space X together with a ﬁxed continuous action G× X → X of a topological group G
on X . By gx we shall denote the image of the pair (g, x) ∈ G × X under the action.
If Y is another G-space, a continuous map f : X → Y is called a G-map or an equivariant map, if f (gx) = g f (x) for every
x ∈ X and g ∈ G . If G acts trivially on Y then we will use the term “invariant map” instead of “equivariant map”.
By a linear G-space we shall mean a G-space L, where L is a real linear topological space on which G acts by means
of linear operators, i.e., g(λx + μy) = λ(gx) + μ(gy) for all g ∈ G , x, y ∈ L and λ,μ ∈ R. We say that L is a normed linear
G-space if, in addition, L is a normed linear space equipped with a G-invariant norm ‖ · ‖, i.e., ‖gx‖ = ‖x‖ for all x ∈ L,
g ∈ G .
If X is a G-space, then for a subset S ⊂ X and for a subgroup H ⊂ G , the H-hull (or H-saturation) of S is deﬁned as
follows: H(S) = {hs | h ∈ H, s ∈ S}. If S is the one point set {x}, then the G-hull G({x}) is usually denoted by G(x) and
called the orbit of x. The orbit space X/G is always considered in its quotient topology with respect to the orbit projection
p : X → X/G .
A subset S ⊂ X is called H-invariant if it coincides with its H-hull, i.e., S = H(S). By an invariant set we shall mean a
G-invariant set.
For a closed subgroup H ⊂ G , by G/H we will denote the G-space of cosets {gH | g ∈ G} under the action induced by
left translations.
For any x ∈ X , the subgroup Gx = {g ∈ G | gx = x} is called the stabilizer (or stationary subgroup) at x. If Gx = G then x
is called a G-ﬁxed point.
For a (pseudo)metric ρ on X , the open ball centered at x with radius r > 0 is denoted by Oρ(x, r). A (pseudo)metric ρ
on a G-space X is called invariant or G-invariant, if ρ(gx, gy) = ρ(x, y) for all g ∈ G and x, y ∈ X .
In 1961 Palais [21] introduced the very important concept of a proper action of an arbitrary locally compact group G
and proved that for such actions slices still exist at each point, whenever G is a Lie group. This makes it possible to extend
a substantial part of the theory of compact Lie transformation groups to locally compact ones.
Let X be a G-space. Two subsets U and V in X are called thin relative to each other [21, Deﬁnition 1.1.1], if the set
〈U , V 〉 = {g ∈ G | gU ∩ V = ∅},
called the transporter from U to V , has compact closure in G . A subset U of a G-space X is called small if every point in X
has a neighborhood thin relative to U . A G-space X is called proper (in the sense of Palais), if every point in X has a small
neighborhood.
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a compact proper G-space, then G has to be compact as well.
Clearly, if G is compact, then every G-space is proper. In the case when G is discrete and X is locally compact, the notion
of a proper action is the same as the classical notion of a properly discontinuous action.
Important examples of proper G-spaces are the coset spaces G/H with H a compact subgroup of a locally compact
group G . Other interesting examples the reader can ﬁnd in [1,2,6,7,10].
Let us recall the well-known deﬁnition of a slice [21, p. 305]:
Deﬁnition 2.1. Let G be a group, H a closed subgroup of G , and X a G-space. An H-invariant subset S ⊂ X is called an
H-slice in X , if G(S) is open in X and there is a G-equivariant map f :G(S) → G/H , called the slicing map, such that
S = f −1(eH). The saturation G(S) will be said to be a tubular set and the subgroup H will be referred as the slicing
subgroup.
If G(S) = X then S is called a global H-slice of X .
One of the most powerful results in the theory of topological transformation groups states (see [21, Proposition 2.3.1])
that, if X is a proper G-space with G a Lie group, then for any point x ∈ X , there exists a Gx-slice S in X with x ∈ S . In
general, when G is not a Lie group, it is no longer true that a slice exists at each point of X (see [5]). Generalizing the case
of Lie group actions, H. Abels [2] proved the following version of Palais’ Slice theorem [21, Proposition 2.3.1] for non-Lie
group actions:
Theorem 2.2. Let G be a locally compact group, X a proper G-space and x ∈ X. Then there exist a compact subgroup K of G with
Gx ⊂ K and a K -slice S such that x ∈ S.
Thus, every proper G-space is covered by tubular sets.
For a version of this theorem with an additional property of K we refer to [9] (see also [5] for the case of compact
non-Lie group actions).
A continuous function f : X →R deﬁned on a G-space X is called G-uniform if for each ε > 0, there is a neighborhood U
of the unity of G such that∣∣ f (gx) − f (x)∣∣< ε for all x ∈ X and g ∈ U .
By A(X) we denote the linear space of all G-uniform bounded functions on X endowed with the sup-norm and the
following G-action:
(g, f ) → g f , (g f )(x) = f (g−1x), x ∈ X .
It is known that A(X) is a complete normed linear G-space (see [4]). In general, the complement A(X) \ {0} may not
be a proper G-space even for X a proper G-space. In our previous work [10] an invariant linear subspace L of A(X) was
introduced such that the complement L \ {0} is a proper G-space. More precisely, in [10, Proposition 3.1] we have proved
the following:
Lemma 2.3. Let G be a locally compact group. For a G-space X let P(X) be the subset of all functions f ∈ A(X) whose support
supp f = {x ∈ X ∣∣ f (x) = 0}
is a small subset of X . If X is a proper G-space then the complement P0(X) = P(X) \ {0} is also a proper G-space.
The G-space P(X) will play a central role in our further constructions.
In the proof of the main Theorem 1.1 we will make use of the following result proved in [10, Proposition 3.5]:
Proposition 2.4. Assume that G is a locally compact group. Let {Xα | α ∈ A} be a family of G-spaces such that for any α ∈ A, there
exists a G-ﬁxed point aα ∈ Xα admitting a local base of G-invariant neighborhoods, and such that the complement Xα \{aα} is a proper
G-space. Then the complement X = (∏α∈A Xα) \ {a}, where a = (aα)α∈A , is a proper G-space.
3. Proofs of Theorems 1.1 and 1.3
The proofs are proceeded by two auxiliary lemmas.
It is well known that Tychonoff spaces are characterized as those topological spaces X for which a compatible family
(di)i∈I of pseudometrics exists, i.e., the cover {Odi (x, r) | x ∈ X, r > 0, i ∈ I} deﬁned by all open balls constitutes a base for
the topology of X .
Below we shall always assume this property when speaking about a compatible family of pseudometrics.
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Then X admits a compatible family of G-invariant pseudometrics (ρi)i∈I such that each open unit ball Oρi (x,1) is a small subset of X .
Proof. Let f : X → G/H be the slicing G-map with the global slice S = f −1(eH). Since G is locally compact and H is
compact, G/H is a locally compact proper G-space (see [21]). Let W be a small neighborhood of the distinguished point
eH ∈ G/H . Since f is a G-map, the preimage U = f −1(W ) is a small subset of X .
Let π :G → G/H denote the quotient map. Again by local compactness, one can ﬁnd a symmetric neighborhood Q
of the unity e ∈ G (i.e., Q = Q −1) such that the closure K = Q is compact and K ⊂ π−1(W ). Clearly, K is symmetric
and K (S) ⊂ U . Since G/H is locally compact and the image f (K (S)) = K H is a compact subset of W , we may choose
a continuous function ψ :G/H → [0,1] such that ψ(gH) = 0 for every gH ∈ K H and ψ(g′H) = 1 for every g′H ∈ G/H \ W
(see e.g., [19, Theorem 5.18]).
Let ϕ : X → [0,1] be the composition ϕ = ψ f . Then ϕ(z) = 0 for every z ∈ K (S) and ϕ(y) = 1 for every y ∈ X \ U .
Consider now a compatible family of pseudometrics (d′i)i∈I for the topology of X . Then the family of pseudometrics
(di)i∈I deﬁned by
di(x, y) = d′i(x, y) +
∣∣ϕ(x) − ϕ(y)∣∣
is also compatible with the topology of X . Deﬁne for x, y ∈ X and i ∈ I ,
ri(x) = di(x, X \ U ) and μi(x, y) = min
{
di(x, y), ri(x) + ri(y)
}
.
Clearly, μi is a pseudometric on X .
Deﬁne now for every i ∈ I a G-invariant pseudometric ρi by the formula:
ρi(x, y) = sup
g∈G
μi(gx, gy).
Let us verify that the family P = (ρi)i∈I is compatible with the topology of X .
For, let (xα) be a net in X converging to a point x0 ∈ X relative to the topology generated by P . Take an arbitrary basic
neighborhood V (di, ε, x0) of x0 in the original topology of X . As G(U ) = X , there is an element g0 ∈ G such that g0x0 ∈ U .
As the map g−10 : X → X is continuous, there are d j ∈ D and δ > 0 such that V (d j, δ, g0x0) ⊂ U and g−10 (V (d j, δ, g0x0)) ⊂
V (di, ε, x0).
The inclusion V (d j, δ, g0x0) ⊂ U implies that r j(g0x0)  δ > 0. Since (xα) converges to x0 in the topology gener-
ated by P , there is an index α0 such that ρ j(xα, x0) < δ/2 for all α  α0. Since μ j(g0xα, g0x0)  ρ j(xα, x0), we see
that μ j(g0xα, g0x) < δ/2. Now, since r j(g0xα) + r j(g0x0)  r j(g0x0)  δ, we infer that d j(g0xα, g0x0) < δ/2; so g0xα ∈
V (d j, δ/2, g0x0). Therefore xα ∈ V (di, ε, x0) for all α  α0, showing that the net (xα) converges to x0 relative to the original
topology of X .
Conversely, assume that a net (xα) ⊂ X converges to a point x0 ∈ X relative to the original topology of X , while (xα) does
not converge to x0 relative to the topology generated by P . Then for some ε0 > 0 and for some pseudometric ρi ∈ P , there
must be a subnet (yγ ) ⊂ (xα) such that ρi(yγ , x0)  ε0 for all indices γ . Therefore μi(gγ yγ , gγ x0)  ε0/2 for a suitable
net (gγ ) ⊂ G , yielding that
ri(gγ yγ ) + ri(gγ x0) ε0/2. (3.1)
Next, since U is a small set, one can choose a neighborhood A of the point x0 which is thin relative to U , i.e., the
transporter 〈A,U 〉 has compact closure in G . Since yγ  x0, by passing to a subnet, we can suppose that yγ ∈ A.
Now, since the set {x0} ∪ (yγ ) is contained in A, the inequality (3.1) implies that (gγ ) ⊂ 〈A,U 〉. But the transporter
〈A,U 〉 has compact closure in G , and hence, the net (gγ ) should contain a convergent subnet. Without loss of generality
we can assume that (gγ ) itself converges to a limit, say g ∈ G . Then, by continuity of the action of G on X , the nets
(gγ x0) and (gγ yγ ) converge to the same limit gx0, which yields that there is an index γ0 such that di(gγ yγ , gγ x0) < ε0/2
whenever γ  γ0. But this contradicts to the condition di(gγ yγ , gγ x0)μi(gγ yγ , gγ x0) ε0/2. Thus, we have proved that
the family P = (ρi)i∈I is compatible with the topology of X .
It remains to show that for every pseudometric ρi , the unit ball Oρi (x,1) is a small subset of X . Since S is a global
H-slice for X and ρi is G-invariant, we may assume without loss of generality that x ∈ S .
It suﬃces to show that Oρi (x,1) is contained in some small set.
If y ∈ X \ K (U ) and g ∈ K , then gy ∈ X \ U because K = K−1. In addition, one has gx ∈ K (S). Then ϕ(gx) = 0 and
ϕ(gy) = 1, and hence,
di(gx, gy) = d′i(gx, gy) +
∣∣ϕ(gx) − ϕ(gy)∣∣= d′i(gx, gy) + 1 1.
This yields that ri(gx) 1, implying that μi(gx, gy) 1 whenever y ∈ X \ K (U ) and g ∈ K . Consequently,
ρi(x, y) sup
g∈K
μi(gx, gy) 1
for all y ∈ X \ K (U ), i.e., Oρi (x,1) ⊂ K (U ).
But K (U ) is a small set because U is small and K is compact (see e.g., [2, Proposition 1.2(e)]). This yields that Oρi (x,1)
is small, and the proof is complete. 
N. Antonyan et al. / Topology and its Applications 159 (2012) 1695–1701 1699Remark 3.2. Lemma 3.1 reﬁnes [8, Lemma]. We gratefully acknowledge the referee’s kind remark that in the proof
of [8, Lemma] a wrong argument about compactness of the set {x0} ∪ (yγ ) was used. Nevertheless, [8, Lemma] is cor-
rect and its proof is easily corrected. Indeed, as we have seen above in the proof of Lemma 3.1, to ﬁx the gap it suﬃces just
to take, instead of the set {x0} ∪ (yγ ), any neighborhood A of the point x0 which is thin relative to the set U .
Lemma 3.3. Let G be a locally compact group and H a compact subgroup of G. Then for a proper G-space X admitting a global H-slice,
there exists a family of G-maps from X to the unit sphere S(X) of P(X) which separates points from closed sets in X.
Proof. Let (ρi)i∈I be a family of G-invariant pseudometrics satisfying the conclusion of Lemma 3.1. For every i ∈ I and
every x ∈ X , we deﬁne f i(x) ∈ P0(X) as follows:
f i(x)(y) =
{
1− ρi(x, y), if ρi(x, y) 1,
0, if ρi(x, y) 1.
Let us check ﬁrst that f i(x) ∈ P0(X). Clearly, f i(x) : X → [0,1] is a continuous function. Now, let ε > 0 be arbitrary. Due
to continuity of the G-action at (e, x) ∈ G × X , one can choose a unity neighborhood W in G such that
ρi(hx, x) < ε for all h ∈ W . (3.2)
We will show that (3.2) implies∣∣ f i(x)(hy) − f i(x)(y)∣∣< ε
for all h ∈ W and all y ∈ X , which precisely means that f i(x) is G-uniform.
Consider all possible cases.
(a) If ρi(x,hy) 1 and ρi(x, y) 1, then∣∣ f i(x)(hy) − f i(x)(y)∣∣= ∣∣1− ρi(x,hy) − 1+ ρi(x, y)∣∣= ∣∣ρi(x, y) − ρi(h−1x, y)∣∣
 ρi
(
x,h−1x
)= ρi(hx, x) < ε.
(b) If ρi(x,hy) 1 and ρi(x, y) 1, then∣∣ f i(x)(hy) − f i(x)(y)∣∣= 1− ρi(x,hy) ρi(x, y) − ρi(x,hy) = ρi(x, y) − ρi(h−1x, y)
 ρi
(
x,h−1x
)= ρi(hx, x) < ε.
(c) If ρi(x,hy) 1 and ρi(x, y) 1, then the case reduces to the previous one.
(d) If ρi(x,hy) 1 and ρi(x, y) 1, then∣∣ f i(x)(hy) − f i(x)(y)∣∣= 0 < ε.
Thus, f i(x) is G-uniform.
Next, we observe that by the very choice of the pseudometric ρi , the function f i(x) has a small support, namely the unit
ρi-ball centered at x, and hence f i(x) belongs to P0(X). The map f i : X → P0(X) is now well deﬁned.
Let i ∈ I be an arbitrary index. We are going to show that the inequality∥∥ f i(x1) − f i(x2)∥∥ ρi(x1, x2), x1, x2 ∈ X (3.3)
holds. This proves at once that each f i is uniformly continuous.
In fact, let y ∈ X be arbitrary. Consider all possible cases.
(1) If ρi(x1, y) 1 and ρi(x2, y) 1, then∣∣ f i(x1)(y) − f i(x2)(y)∣∣= ∣∣ρi(x1, y) − ρi(x2, y)∣∣ ρi(x1, x2).
(2) If ρi(x1, y) 1 and ρi(x2, y) 1, then∣∣ f i(x1)(y) − f i(x2)(y)∣∣= ∣∣1− ρi(x1, y)∣∣ ρi(x2, y) − ρi(x1, y) ρi(x2, x1).
(3) If ρi(x1, y) 1 and ρi(x2, y) 1, then the case reduces to the previous one.
(4) If ρi(x1, y) 1 and ρi(x2, y) 1, then∣∣ f i(x1)(y) − f i(x2)(y)∣∣= 0 ρi(x1, x2).
Thus, the inequality (3.3) is proved.
Since for every x ∈ X , f i(x)(x) = 1 it then follows from the deﬁnition of f i(x) that ‖ f i(x)‖ = 1, so f i(x) ∈ S(X).
1700 N. Antonyan et al. / Topology and its Applications 159 (2012) 1695–1701Since equivariance of each f i is an immediate consequence of the invariance of the pseudometric ρi , we have a family
of G-maps { f i : X → S(X) | i ∈ I}.
We ﬁnally show that this family does separate points from closed subset of X . First we observe that if i ∈ I and x and y
are points of X such that ρi(x, y) 1, then∥∥ f i(x) − f i(y)∥∥ ∣∣ f i(x)(x) − f i(y)(x)∣∣= ρi(x, y).
This, together with (3.3), implies that∥∥ f i(x) − f i(y)∥∥= ρi(x, y) whenever ρi(x, y) 1.
Now, let A be a closed subset of X and x ∈ X \ A. Then there are an index i ∈ I and a positive ε < 1 such that the
ball Oρi (x, ε) lies in X \ A. We show then that the corresponding ε-ball around f i(x) in S(X) lies in the complement
S(X) \ f i(A).
Suppose the contrary is true. Then there is a point y ∈ A such that ‖ f i(x) − f i(y)‖ < ε. There are two possible cases for
the ρi-distance of x and y in X .
If ρi(x, y) < 1 then ρi(x, y) = ‖ f i(x) − f i(y)‖ < ε, from which it follows that y ∈ Oρi (x, ε) ⊂ X \ A, a contradiction.
If ρi(x, y) 1 then ε > ‖ f i(x) − f i(y)‖ | f i(x)(y) − f i(y)(y)| = 1, a contradiction.
These contradictions show that the ε-ball around f i(x) in S(X) is contained in the complement S(X) \ f i(A), from which
it follows that f i(x) does not belong to the closure of f i(A), as claimed. 
Proof of Theorem 1.1. In accordance with Theorem 2.2, for the proper G-space X we may choose a tubular cover (Uα)α∈A ,
where to each Uα a compact slicing subgroup Hα ⊂ G is associated. As the orbit map p : X → X/G is open and the or-
bit space X/G is completely regular (see [21]), to each point p(x) ∈ p(Uα), x ∈ X , there corresponds a continuous map
ϕ˜α : X/G → [0,1] such that
ϕ˜α
(
p(x)
)= 1 and ϕ˜α(p(y))= 0
for every p(y) ∈ (X/G) \ p(Uα).
In this case, the composition ϕα = ϕ˜α p : X → [0,1] is an invariant function, such that the support Wα := ϕα−1(0,1] ⊂ Uα
is also an Hα-tubular neighborhood of the orbit G(x) in X . We may then assume that (Wα)α∈A is an open tubular cover
of X .
By Lemma 3.3, each Wα admits a family of equivariant maps{
f αi :Wα → P(Wα)
∣∣ i ∈ Iα}
separating points from closed subsets of Wα . Moreover, ‖ f αi (x)‖ = 1 for every x ∈ Wα .
Now, associate to each f αi the equivariant map F
α
i : X → P(Wα) given by
Fαi (x) =
{
ϕα(x) f αi (x), if x ∈ Wα,
0, if x ∈ X \ Wα.
Clearly, each Fαi is a continuous G-map and (F
α
i )
−1(0) = X \ Wα .
Let us show that the totality of these maps {Fαi | i ∈ Iα, α ∈ A} separates points from closed sets in X .
Indeed, let B ⊂ X be a closed subset and x ∈ X \B . Let β ∈ A be an index such that x ∈ Wβ . Consider the sets B ′ = B∩Wβ
and B ′′ = B \ Wβ . Then B ′ is closed in Wβ and x ∈ Wβ \ B ′; so there exists an index j ∈ Iβ for which
f βj (x) /∈ f βj
(
B ′
)⊂ P(Wβ). (3.4)
We claim that
F βj (x) /∈ F βj (B) ⊂ P(Wβ).
Suppose the contrary is true, i.e., that F βj (x) ∈ F βj (B). Observe that since ‖ f βj (x)‖ = 1, we have ‖F βj (x)‖ = |ϕβ(x)| > 0, and
hence, F βj (x) = 0. Since F βj (B ′′) = {0}, then we see that F βj (x) /∈ F βj (B ′′). Further, since F βj (B) = F βj (B ′) ∪ F βj (B ′′), we infer
that F βj (x) ∈ F βj (B ′).
Next, since P(Wβ) is a normed linear space, the inclusion F βj (x) ∈ F βj (B ′) implies that there is a sequence (xn) in B ′
such that the sequence (F βj (xn)) converges to F
β
j (x), i.e.,
ϕβ(xn) f
β
j (xn) ϕβ(x) f
β
j (x).
By continuity of the norm in P(Wβ), we obtain∥∥ϕβ(xn) f β(xn)∥∥ ∥∥ϕβ(x) f β(x)∥∥. (3.5)j j
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for each xn . By the same reason we have∥∥ϕβ(x) f βj (x)∥∥= ϕβ(x).
Hence, (3.5) implies that
ϕβ(xn) ϕβ(x).
Since each of the elements of this sequence, as well as its limit, is distinct from zero, we infer that
ϕβ(xn)
−1 ϕβ(x)−1. (3.6)
We now get from (3.5) and (3.6) that
f βj (xn) f
β
j (x)
which contradicts to (3.4).
Thus, F βj (x) /∈ F βj (B), and hence, the family F = {Fαi | i ∈ Iα, α ∈ A} separates points from closed sets in X .
For every index i ∈ Iα we set Pi(Wα) = P(Wα). Then the diagonal product of the family F deﬁnes a topological
embedding:
 : X ↪→ L =
∏{Pi(Wα) ∣∣ i ∈ Iα, α ∈ A}, (x) = (Fαi (x))
(see [14, Theorem 2.3.20]). Since all the maps in F are equivariant,  is equivariant as well.
The range of  is contained in L \ {0} because for every x ∈ X , there exists a Wα such that x ∈ Wα , and hence, Fαi (x) =
ϕα(x) f αi (x) = 0 for every i ∈ Iα .
It remains to prove that L \ {0} is a proper G-space. Recall that each Pi(Wα) = P(Wα) is a normed linear G-space and
the complement Pi(Wα) \ {0} is a proper G-space (see Lemma 2.3). Since G acts on Pi(Wα) by means of linear isometries,
it then follows that each open ball centered at the origin of Pi(Wα) is a G-invariant set. Hence, by Proposition 2.4, the
complement L \ {0} is a proper G-space. 
Proof of Theorem 1.3. Due to [7, Theorem 3.7], if G is a non-compact Lie group, then there exists a proper G-space Tτ of
weight w(Tτ ) = τ which contains the G-homeomorphic copy of any proper G-space of weight  τ . If G is a compact Lie
group then also there exists a (compact) G-space Tτ of weight w(Tτ ) = τ which contains the G-homeomorphic copy of any
G-space of weight  τ ; this is proved in [4, Theorem 11] (see also [7, Theorem 3.4(a)]). Due to compactness of G , in this
case also Tτ is a proper G-space.
Now, applying Theorem 1.1 to the proper G-space Tτ we obtain the desired linear G-space L for arbitrary Lie group G . 
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